We consider static spherically symmetric self-gravitating configurations of the perfect fluid within the framework of the torsion-based extended theory of gravity. In particular, we use the covariant formulation of f (T ) gravity with f (T ) = T + α 2 T 2 , and for the fluid we assume the polytropic equation of state with the adiabatic exponent Γ = 2. The constructed solutions have a sharply defined radius [as in General Relativity (GR)] and can be considered as models of nonrotating compact stars. The particle number-to-stellar radius curves reveal that with positive (negative) values of α smaller (greater) number of particles can be supported against gravity then in GR. For the interpretation of the energy density and the pressure within the star we adopt the GR picture where the effects due to nonlinearity of f (T ) are seen as a f (T ) fluid, which together with the polytropic fluid contributes to the effective energy momentum. We find that sufficiently large positive α gives rise to an abrupt sign change (phase transition) in the energy density and in the principal pressures of the f (T ) fluid, taking place within the interior of the star. The corresponding radial profile of the effective energy density is approximately constant over the central region of the star, mimicking an incompressible core. This interesting phenomenon is not found in configurations with negative α.
Introduction
Since the early days of General Relativity (GR), it has been known that replacing the Ricci scalar R in the Einstein-Hilbert action with the torsion scalar T yields a theory of gravity of which the equations of motion are equivalent to those of GR. The torsion-based variant of the theory is known as the teleparallel equivalent of General Relativity [1] . However, if the gravitational action is extended by allowing for terms of the form f (R) or f (T ), where f is a nonlinear function, the resulting curvature-based and torsion-based extended theories of gravity become grossly different. The curvature-based f (R) gravity has been thoroughly studied over the past decades [2] . Its most remarkable feature is the occurrence of fourth order derivatives of the metric in the resulting equations of motion. In contrast to this, the equations of motion of the torsion-based f (T ) theory involve only the usual second order derivatives of the tetrad fields. The features of f (T ) theory have been widely studied in the cosmological setting, see e.g., Refs. [3, 4, 5, 6, 7, 8, 9, 10] , and some constraints on the theory have been determined through considerations of the motion of planets in the Solar System, see e.g., Refs. [11, 12, 13] , while investigations in the arena of static spherical symmetry, in particular those considering stellar structure, are somewhat fewer in number [14, 15, 16, 17, 18, 19, 20, 21] The structure of the theory itself has also been investigated [22, 23] . An important problem that was found in the early formulations of the f (T ) theory is the lack of the Lorentz invariance in the sense that the equations of motion are in general not invariant with respect to the choice of the metric compatible tetrad; see e.g., Refs. [24, 25] . In recent years, a lot of effort has been invested into understanding and solving this problem. Some of the promising results are in the form of the Hamiltonian formalism [26] , the null tetrad approach [27] , the Lagrange multiplier formulation [28, 29] , and the covariant formulation [30, 31, 32] . In this work, we will rely on the covariant formulation of f (T ) gravity in the form proposed by Krššák and Saridakis in Ref. [30] .
In GR, the models of nonrotating stars can be constructed within static spherical symmetry as solutions to the well-known Tolman-Oppenheimer-Volkov equations. One must also assume a matter model, which is often a perfect fluid subject to some equation of state. In general, the energy density and the pressure of the fluid may take up all space, while if they strictly vanish outside of a spherical surface of some finite radius, the models are said to represent compact stars surrounded by vacuum. Within GR, the phenomenology of these solutions is well understood. The most important results include proofs of existence of solutions with certain classes of equations of state [33, 34] , upper bounds on the stellar mass-to-surface radius ratio that is also a measure of the "compactness" of a compact object [35, 36] , as well as the relation among the stellar mass-to-surface radius curves and the dynamical stability of the models [37] . Our main goal in this paper is to obtain numerical evidence for the existence of similar solutions within the torsion-based extended theory of gravity. We intend to construct an analog of the stellar mass-to-radius curves of GR and search for possible signatures of the extended theory in the solutions. We will use the simplest possible variant of the f (T ) theory where the nonlinear function f involves a term which is quadratic in T [this variant of f (T ) can be seen as an analog of the Starobinsky f (R) model in curvature-based theory [38] , which has also become known as the R 2 -gravity theory]. For the equation of state of the fluid, we adopt the polytropic equation of state with the adiabatic exponent Γ = 2, since it represents the most stiff model of matter which satisfies the most important physical constraints in all pressure regimes.
The paper is organized as follows. In Sec. 2 we briefly review the equations of motion of the covariant f (T ) theory in static spherical symmetry. In Sec. 3 we introduce the polytropic equation of state, and in Sec. 4 we discuss the rescaling of the equations, the boundary conditions that we impose, and the numerical procedure. In Secs. 5 and 6, we discuss the particle number-to-stellar radius curves and the radial profiles of the energy density and the pressures. We conclude in Sec. 7. Geometrized units c = 1 = G are used throughout the paper.
Static spherical symmetry in f (T )
The f (T )-gravity theory follows from the action written as
where f is in general a nonlinear function of the torsion scalar T , L matter is the Lagrangian density due to matter fields, and h a µ is the tetrad, which is the dynamical degree of freedom of this theory. We use latin symbols for the tetrad indices and greek symbols for the spacetime indices. The tetrad satisfies the metric compatibility condition h a µ h b ν g µν = η ab , where g µν is the spacetime metric tensor and η ab is the Minkowski tensor. If f (T ) = T , the resulting equations of motion are equivalent to those of GR, while if f is nonlinear in T , the equation of motion can be written as [1, 30] 
In the above equation, T µ ν is the usual energy-momentum tensor, and
is the torsion tensor. The quantity ω a bα is the inertial spin connection which is, in the covariant formulation of f (T ) gravity [30] , determined from the requirement that the torsion tensor vanishes in the flat-space limit of the metric. The tensors
and
are known as the contorsion tensor and the modified torsion tensor. The torsion scalar,
is then defined as the contraction of the torsion tensor with the modified torsion tensor.
The specific form of f (T ) which we will be using is
With the above choice of f (T ), the left-hand side of the equation of motion (2) can be written as the sum of the Einstein tensor G µ ν built from the Christoffel connection and the additional term proportional to α which we denote with the tilded symbolG µ ν . We then find it convenient to adopt the "GR picture" of the equation of motion by transferringG µ ν to the right-hand side and writing the equation as
where the quantityT
can be interpreted as the contribution to the standard energy-momentum tensor arising from the nonlinear term in f (T ). We will refer to (9) as the energy-momentum tensor of the "f (T ) fluid".
As we are intending to construct the models of static nonrotating stars, we now assume static spherical symmetry. We use spherical coordinates x µ = (t, r, ϑ, ϕ) and write the metric tensor as
The tetrad compatible with the above metric can be chosen as
The condition that the torsion tensor (3) vanishes in the flat spacetime limit, which is obtained by letting Φ → 0 and Λ → 0, gives the inertial spin connection of which the nonzero components are ωrθ ϑ = −ωθr ϑ = −1, ωrφ ϕ = −ωφr ϕ = − sin ϑ, and ωθφ ϕ = −ωφθ ϕ = − cos ϑ (here, the coordinate labels are used as indices, and the tetrad indices are distinguished from the spacetime indices with the hat symbol). After lengthy but straightforward manipulations, one obtains the torsion scalar
where the prime denotes differentiation with respect to r. The nonzero components of the Einstein tensor are
while the nonzero terms on the left-hand side of the equation of motion (2) that are proportional to α are given by somewhat more complicated expressions:
The standard energy-momentum tensor of the perfect fluid in the static spherical symmetry has the well-known diagonal form
where ρ is the energy density and p is the isotropic pressure of the fluid. The complete equations of stellar structure can now be written as
where the quantitiesρ
are the energy density, the radial, and the transverse pressure of the f (T ) fluid. It is also important to note that, while the quantities (21) vanish in the Minkowski spacetime, they are nonzero in the general Schwarzschild spacetime; i.e., the Schwarzschild metric is not a vacuum solution of the nonlinear f (T ) theory of gravity [39] . This means that at the surface of the star, where the components of the fluid energy-momentum tensor (19) vanish and where the interior metric joins the exterior vacuum metric, the quantities (21) may have nonzero values.
Equation of state of the polytropic fluid
The equation of state (EoS) of a perfect fluid is in general specified as the dependence of the fluid pressure p on the particle number density n and the entropy per particle s, i.e., by specifying the function p = p(n, s). Assuming the isentropic flow of the fluid, the entropy per particle s is constant, allowing one to write the EoS simply as p = p(n). The so-called polytropic EoS follows form the assumption that the adiabatic exponent Γ = (∂ ln p/∂ ln n) s is independent of the pressure. For the EoS of the form p = p(n), this implies Γ = (n/p)(dp/dn), which upon integration gives
where k is the integration constant. The energy density of the polytropic fluid can be obtained by invoking the first law of thermodynamics. For a fluid element of proper volume V , it can be expressed as T d(nsV ) = d(ρV ) + p dV ; since the number of particles in V is constant, we use V ∝ 1/n; and since in the isentropic flow s is constant, it implies
Upon integration, one obtains
where the integration constant m can be recognized as the mass of a single particle. Using (22) and denoting κ = mk −1/Γ , the above relation can also be written in the form
which is known as the polytropic EoS. The square of the speed of the sound waves, sometimes also referred to as the stiffness of the fluid, for the fluid obeying the EoS (25) is given by
We see that c 2 sound is monotonically increasing with pressure and is bounded from above by Γ − 1. This implies that the polytropic fluids with Γ ≤ 2 are causal (sound propagates at subluminal speeds) at all pressures. It is also easy to show that the pressure-to-energy density ratio
is bounded from above with Γ−1. This means that the dominant energy condition (DEC), which requires that p < ρ, is satisfied at all pressures if Γ ≤ 2. The limiting case of the polytropic fluid with Γ = 2 can be singled out as the maximally stiff model of matter capable of withstanding arbitrarily large pressures without violating the basic principles (causality and DEC). We will therefore use Γ = 2 in our models of compact objects.
Numerical procedure
In principle, the system of three coupled ordinary differential equations (20) , the EoS of the polytropic fluid (25) , and the set of appropriate boundary conditions (to be discussed below) determine the structure of the polytropic star or polytrope in f (T ) = T + α 2 T 2 gravity. The parameter space is four dimensional and the parameters can be chosen as κ > 0 and Γ > 1 appearing in the EoS, the value of the fluid pressure-to-energy density ratio at the center of the star σ 0 = p(0)/ρ(0), and the coefficient α of the quadratic term in f (T ). The variables to be solved for can be chosen as the metric profile functions Φ(r) and Λ(r) and the fluid pressure profile function p(r). However, some elementary transformations make the system more adequate for the numerical treatment. The parameters κ and γ allow one to define the parameter
which has the dimension of length and which can be used as the length scale for the problem. In this way, the dimension of the parameter space reduces by one, and we chose to work with three dimensionless parameters,
For the variables to solve for, we chose the functions
[Note that the function Φ(r) does not appear in the equations of stellar structure, which means that it is sufficient to solve for Φ ′ (r).] The transformation of the system of equations is straightforward, but since the resulting expressions are rather cluttered, they are not shown explicitly.
The boundary conditions appropriate for the problem can be specified at the center of symmetry and at the surface of the star. At the center of symmetry, we require
The surface of the star is defined as the hypersurface r = R at which the energy density of the fluid vanishes and the interior spacetime joins with the vacuum exterior. The boundary condition reflecting this is σ(R) = 0. However, as the value of R is a priori unknown, R must be treated as an eigenvalue of the problem. Technically, this is done by introducing the dimensionless radial coordinate x = r/R which maps the problem onto the compact domain x ∈ [0, 1]. The boundary condition at the stellar surface is then σ(1) = 0.
The eigenvalue R is obtained through the numerical solution of the boundary value problem (we use the tool colsys [40] ), and the validity of each converged solution is confirmed by means of the a posteriori initial value integration. We also made sure that the results we obtain within GR (for a = 0) reproduce the results from the literature, e.g., Refs. [41, 42] .
It should be noted that within the framework of the f (T ) gravity one cannot unambiguously compute the mass of the star. While in GR the mass of a compact (finite radius) star computed from M = 4π R 0 ρr 2 dr coincides with the Arnowitt-Deser-Misner (ADM) [43] mass of the spacetime, in f (T ) gravity, this result is not known to hold. Within the nonlinear f (T )-gravity theory, as a robust measure of the amount of matter contained within a certain stellar configuration, one can use the total particle number N . It can be obtained by integrating the particle number density n = dN/dV over the interior of the star. Writing the proper volume element as dV = 4r 2 πe Λ(r) dr, the particle number is given by
where the particle number density n(r) is to be expressed in terms of σ(r).
Particle number-to-stellar radius curves
In General Relativity, a family of static spherically symmetric stellar models obtained with certain EoS and corresponding to a range of values of the central pressure-to-energy density ratio σ 0 is often represented by a curve on a mass-to-radius graph. The typical behavior of a mass-to-radius curve is such that as σ 0 increases starting from a sufficiently low value the radius of the star decreases, while the mass increases, reaches the maximum, and decreases with a further increase of σ 0 . The configuration with maximal mass is usually called the critical configuration because it has been shown that all configurations with σ 0 lower than that corresponding to that configuration are stable with respect to small radial perturbations. If σ 0 increases beyond that critical value, the configurations become dynamically unstable. A similar pattern is found if instead of stellar mass M one displays the particle number N of the configuration. The dashed line in Fig. 1 shows the dependence of the particle number on the stellar radius for the GR (a = 0) polytrope with Γ = 2. Solid lines in Fig. 1 are the particle numberto-radius curves obtained with the same EoS, but within the nonlinear f (T ) theory with the coefficient a = ±0.1, ±1, ±10. All curves start at σ 0 = 0.01 and are continued only as far as the numerical procedure could obtain stable convergences. The critical configurations, in cases where they exist, are indicated by circle symbols. Precise values of the particle number and stellar radius for some of the solutions are given in Table 1 . The table also contains the quantity µ(R) = 1 − e −2Λ(R) , which is computed directly from the metric and which in GR corresponds to the ratio 2M/R, where M is the mass of the star. This quantity is usually taken as the measure of the compactness of the object and is bounded from above by unity.
We first note that as σ 0 → 0 solutions with all values of a that we computed approach the nonrelativistic polytrope configuration described by the solution to the Lane-Emden equation with the polytropic index n = 1 (see e.g., Ref. [44] ). The stellar radius of this polytrope is R = π/2 λ.
For positive a, the particle number-to-radius curves that we obtained are qualitatively similar to the curve representing the GR solutions. In each of these curves, the critical configuration can be found. As a increases, the radius of critical configuration increases, while the particle number decreases. This indicates that the amount of matter that can be supported against gravity with a > 0 is less than in GR.
For negative a, if |a| is sufficiently large, the particle number-to-radius curves may develop behavior which qualitatively differs from the behavior in GR. Starting from the nonrelativistic regime, as σ 0 increases, the particle number increases, but before the critical configuration is reached, the numerical procedure stops converging, indicating the lack of existence of solutions beyond that value of σ 0 (see the a = −0.1 or a = −1 curve in Fig. 1 ). With still larger values of |a|, the particle number-to-radius curves reveal configurations with the minimal radius, beyond which the radius starts to increase (see the a = −10 curve in Fig. 1 ). The critical points analogous to those that are typical for mass-to-radius curves in GR are no longer present in particle number-to-radius curves with sufficiently large negative parameter a. We also observe that, in comparison with the GR configurations, negative a allows static configurations of much larger amounts of matter (number of particles) described by the same polytropic EoS. However, since we are not dealing with the full dynamic theory, nor with linearized dynamics of the system that would allow us to consider small perturbations, we are at present not able to make any claims regarding dynamical stability of any of the configurations computed within the nonlinear f (T )-gravity theory.
Energy density and pressure profiles
We begin by examining the energy density and the pressure profiles in the polytropes obtained with positive values of a. In all configurations, we find qualitative behavior of the polytropic fluid similar to that in GR; the fluid has outwardly decreasing energy density, and at some finite value of the radial coordinate r = R corresponding to the stellar surface, it satisfies the boundary condition (32) . This means that the energy density ρ and the pressure p of the polytropic fluid both vanish at the stellar surface. Using the GR picture allows us to examine also the energy densityρ, the radial pressurep, and the transverse pressureq of the f (T ) fluid. All these quantities vanish at r = 0 and are outwardly increasing (positive) in the central region of the polytrope. They reach their maxima in the interior of the polytrope after which they start to decrease, change sign, and remain negative until reaching the stellar surface. It is important to emphasize that at the stellar surface the quantitiesρ,p, andq assume finite negative values appropriate for joining the vacuum of the f (T )-gravity theory, which differs from the Schwarzschild vacuum of GR.
The energy density and the pressure profiles of the polytrope obtained with Γ = 2, a = 1, and with the maximal value of the central pressure-to-energy density ratio σ 0 ≃ 0.118 that could be reached with our numerical procedure are shown in Fig. 2 . One can observe a very abrupt transition of the f (T ) fluid energy densityρ and the transverse pressureq from their "positive phase" in the central region of the star to their "negative phase" in the outer region of the star, while the "phase transition" of the radial pressurep is somewhat smoother. Comparing the configurations obtained with different values a and maximal σ 0 that could be reached with our numerical procedures (corresponding to the upper ends of N vs R curves in Fig. 1 and with parameters given in Table 1 ) reveals that the phase transition becomes sharper as a increases. However, as our results are obtained numerically, we cannot claim that a further increase of σ 0 is in principle possible and that it would lead to even more steplike phase transitions; nor can we claim with certainty that such solutions do not exist. Still, the results that we obtained with positive a and high σ 0 allow us to loosely divide the interior of such polytropes into three regions: the core, the phase transition layer, and the halo. The core of the polytrope is its central region in which, within the GR picture, the energy density and pressures of the f (T ) fluid are positive and the effective energy density is approximately constant. This behavior of effective energy density ρ +ρ mimics what could be understood as incompressible matter, i.e., matter that does not allow a further increase of the energy density. The phase transition layer is the region in which the approximately constant effective energy density drops to a considerably lower positive value and in which the energy density and the pressures of the f (T ) fluid change sign. We found that, as a or σ 0 increases, the radial extent of the phase transition layer becomes narrower. The halo can be defined as the outer region of the polytrope in which the f (T ) energy density and the pressures are negative and which ends at r = R where they assume the values appropriate for joining with the vacuum.
We now turn to the polytropes obtained with negative a. While the energy density of the polytropic fluid is in these solutions outwardly decreasing and vanishes at the stellar surface, as in the solutions constructed within GR or within f (T ) gravity with positive a, the behavior of the f (T ) fluid is qualitatively different from that we obtained with positive a. The f (T ) fluid energy density vanishes at r = 0 and is negative throughout the interior of the polytrope, except near the surface where it becomes positive in order to match the vacuum at r = R. Figure 3 shows the energy density profiles in the Γ = 2 polytrope obtained with maximal value of σ 0 allowed by our numerical procedure for a = −1. Similar behavior is found also for the radial and transverse pressures of the f (T ) fluid. As can be seen from the figure, with negative a, there is no abrupt phase transition in the f (T ) fluid similar to that which is obtained with positive a.
Concluding remarks
In order to investigate the features of f (T )-gravity theory in extreme circumstances such as those arising within highly compact static spherically symmetric bodies, we considered the self-gravitating configurations of the polytropic fluid. In particular, we allowed for the quadratic term in f (T ), i.e., f (T ) = T + α 2 T 2 with positive and negative coefficient α. For the polytropic fluid, we adopted the adiabatic exponent Γ = 2 as it represents the most stiff perfect fluid which respects the dominant energy condition and is causal in all pressure regimes. The numerically constructed solutions revealed that with positive α less matter in terms of number of particles can be supported against gravity than in GR, while negative values of α allow a considerably larger number of particles (see Fig. 1 and Table 1 ). For the interpretation of the solutions, we adopted the GR picture in which the terms in the equations of structure that arise due to the quadratic term in f (T ) are interpreted as the energy density and the radial and transverse pressures of the f (T ) fluid. It was found that with positive α the energy density of the f (T ) fluid is positive in the large part of the interior of the polytrope, while with negative α, its energy density is mostly negative. This offers a possible explanation of the fact that more particles of the polytropic fluid can be supported against gravity with negative α, as in that case the f (T ) fluid diminishes the effective energy density (see Fig. 3 ). With positive α, it was found that within the star a phase transition of the f (T ) fluid occurs, leading to approximately constant or even outwardly increasing effective energy density of the polytrope, which is followed by an abrupt drop (see Fig. 2 ). This drop occurs due to the phase transition occurring within the f (T ) fluid in which its energy density and the radial and the transverse pressure all change sign.
Regardless of the fact that we have constructed the particle number-to-stellar radius curves, which are the analog of the well-known mass-to-radius curves that are usually considered in GR and of which the maxima indicate the loss of dynamical stability, at the present, we cannot make any well-grounded claims about the stability of the polytropes in f (T ). This is in one part due to the fact that our procedure is static from the outset and in one part due to not yet settled interpretation of the stellar mass in f (T ) gravity. A fully dynamical approach would require time-dependent equations of motion which should be covariant in the sense that they do not depend on the particular choice of the tetrad. Recent progress in formulation of f (T )-gravity theory in the covariant form such as Refs. [30, 31, 32] makes us hopeful that in our future work we will be able to derive linearized time-dependent equations of motion and treat the stability problem perturbatively. Another issue which remains unresolved is the interpretation of the mass of a compact in f (T ) gravity. In GR, one obtains the mass of the compact spherically symmetric static object directly from the joining of the interior spacetime with the exterior Schwarzschild metric. In f (T ) gravity, this is at present not possible since the vacuum metric is not available in closed form (only a perturbative expression in the weak-gravity regime is available [39] ). Obtaining the mass from the asymptotic behavior of the metric at r → ∞ is also not a completely safe option because it is not clear to what extent the energy density of the f (T ) fluid contributes to the asymptotic mass. We intend to address some of these issues in our future work.
